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Abstract

Polymorphicregular typesare tree-like datatypesgen-
erated by polynomialtype expressionsover a setof free
variablesand closedunderleastfixedpoint. The‘equal-
ity types’of Core ML canbeexpressedn thisform. Given
sud a typeexpression?’ with z freg this papershowsa
way to representthe one-holecontexts for elementof =
within elementof T', togetherwith an operation which
will plug an elemenbf z into the hole of sud a context.
One-holecontexts are given as inhabitantsof a regular
typed,T', computedyenericallyfromthe syntacticstruc-
ture of T' by a metanismbetterknownas partial differ-
entiation Therelevantnotionof containments shownto
beappropriatelycharacterizedn termsof derivativesand
pluggingin. Thetedcnolagy is thenexploitedto givethe
one-holecontetsfor sub-elementsf recuisivetypesin a
mannersimilar to Huet'’s ‘zippers’[Hue97.

1 Introduction

GérardHuet'’s delightful paperThe Zipper’' [Hue97 de-
finesarepresentatioof tree-like datadecomposethto a
subtreeof interestandits surroundingsHe shavs usin-
formally how to equipa datatypewith anassociatedype
of ‘zippers’—one-holecontets representinga tree with
onesubtreedeleted.Zipperscollectthe subtreedorking
off stepby stepfrom the pathwhich startsatthe holeand
returnsto theroot. Thistype of contetsis thusindepen-
dentof the particulartree beingdecomposear the sub-
treein the hole. Decompositioris seennot asa kind of
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subtraction, anoperationinherentlytroubledby the need
to subtractonly smallerthingsfrom larger, but asthein-
versionof akind of addition(seefigure 1).

<<

Figurel: atreeasa one-holecontet ‘plus’ a subtee

This paperexhibits a similar techniquedefinedmorefor-

mally, which is genericfor a large classof tree-like data
structures—thé&egulardatatypes’ Theseareessentially
the ‘equality types’of coreML, presentedspolynomial
type expressionslosedunderleastfixed point. In partic-

ular, | will defineandcharacterizéwo operations:

e on types computing for each regular recursve
datatypets type of one-holecontets;

e on terms computinga ‘big’ term by plugging a
‘small’ terminto a one-holecontext.

Thefirst of theseoperationds given by recursionon the
structureof thealgebraiexpressionsvhich‘name’types.
As | wrote down the rules correspondingo the empty
type, the unit type, sumsandproducts,| wasastonished
to find thatLeibnizhadbeatermeto themby severalcen-
turies: they wereexactly therulesof differentiationl had
learnedasa child.



1.1 Motivating Examples

How canwe describethe one-holecontets of a recur
sive type?Huetsuggestshatwe regardthemasjourneys
‘backwards’from holeto root, recordingwhatwe passoy
ontheway. | proposdo follow his suggestionexceptthat
| will startattherootandwork my way ‘forwards’to the
hole. Both choiceshave their uses:‘backwards’is better
for ‘tree editing’ applicationsbut the‘forwards’approach
is conceptuallysimplet

Considersuchjourneyswithin binarytrees:
btree = leaf | node btree btree

At eachpoint, we are eitherat the hole or we muststep
furtherin—our journey is a list of steps,list btree’ for
someappropriatesteptype btree’, but what? At each
step,we mustrecordour binary choiceof left or right,
togethemith thebtree we passedy. We maytake

btree’ = boolxbtree

We candefinethe ‘pluggingin’ operation+ asfollows'

s € btree’  t € btree
s <t € btree

(true,r) <t +— nodetr
(false,l) <t — nodelt

ss € list btree!  t € btree
ss +t € btree

0+t — ¢
(sz88)+t > s<(ss+t)

We might define btree more algebraicallyas the sum
(i.e. ‘choice’) of the uniqueleaf with nodespairing two
subtrees—peoersdenoterepeategroduct:

btree = 1 + btree?

Correspondinglywe mightwrite

IHuetwouldwrite (s :: ss) +t + ss+ (s < t)

btree’ = 2xbtree

Now imagine similar journeys list ttree’ for ternary
trees:

ttree = 1 + ttreed

Eachstepchoose®neof threedirectionsandremembers
two bypassedrees so

ttree’ = 3xttree?

It looksremarkablylike thetype of stepsis calculatedby
differentiatingtheoriginaldatatypeln fact,thisis exactly
whatis happeningaswe shallseewhenwe examinehow
to computethe descriptionof the one-holecontexts for
regulardatatypes.

2 Presenting the Regular Types

In orderto give a precisetreatmentof ‘dif ferentiatinga
datatype’we mustbepreciseabouttheexpressionsvhich
definethem. In particular the availability of fixed points
requiresusto consideithebindingof freshtypevariables.
Thereis muchactvity in this areaof researchbut thisis
not the placeto rehearseéts mary issues. The approach
| take in this paperrelativizesregulartype expressiongo
finite sequencesf available free names.| thenexplain
how to interpretsuchexpressiongelative to an erviron-
mentwhich interpretshosenames.

| chooseto give inductive definitionsin naturaldeduc-
tion style. Although this requiresmore spacethan the
datatypedeclarationf corventionalprogramminglan-
guages,they allow dependenfamiliesto be presented
much more clearly: even ‘nested’ types[BM98, BP99
must be defineduniformly over their indices, whilst the
full notion of family allows constructorgo apply only
at particular indices. | also give type signaturego de-
fined functionsin this way, preferringto presenthe uni-
versalguantificatiorinherentn theirtypedependengvia
schematiaiseof variablesratherthanby complex andin-
scrutabldormulae.



2.1 Sequencesof Distinct Names

Let us presumehe existenceof aninfinite? setName of
namesequippedvith adecidableequality We maythink
of Name asbeing‘string’. ThesetNmSeq maythenbe
definedto containthefinite sequencesf distinctnames.
Eachsuchsequenceanbeviewed‘for getfully’ asaset.

¥ € NmSeq
Name € Set Y e Set
YeNmSeq zeName z¢%¥
€ € NmSeq 3,z € NmSeq

| shallalwaysusenamesn a well-foundedmanner The
‘explanation’of somenamex from somesequenc& will
involve only ‘prior names—intuitrely, thosewhich have
alreadybeenexplained.lt is thereforeémportantto define
for ary suchpair, therestrictionX | z, beingthesequence
of namedrom X prior to z.

Y>eNmMSeq zeX
Y]z € NmSeq

Yixlx — X
\z)le — Iz

As equality on namesis decidable,l shall freely allow
namesto occurnonlinearlyin patterns. In orderto re-
coverthedisjointnesf patternsvithout recourseo pri-
oritizing them, | introducethe notationy\z to mean‘any
y exceptz'. Correspondinglyeachclauseof suchadefi-
nition holds(schematicallypsanequation.| nonetheless
write — to indicatea directedcomputatiorrule, reserving
= for equationapropositions

2.2 Describingthe Regular Types

Theregulartypesover givenfreenamesopr rather theex-
pressionsvhich describethemaregivenby theinductive

2By ‘infinite’, | meanthat| canalwayschooseafreshnameif | need
to createa new binding.

family Reg X in figure 2. Firstly, we embed type vari-
ablesY. in Reg X, thenwe give the building blocksfor
polynomialsandleastfixed point.

¥ € NmSeq
Reg X € Set

TEN
z € RegX

S5, T € Reg X
S+T€RegX

S, T €Reg X
1cRegY SxT €RegX

F € Reg ¥z
pz.F e Reg X

FeReg¥;xz SeRegkX
Flz=S € Reg ¥

0€EReg S

T eReg ¥
T,€RegX;z

Figure?2: descriptionf regular types

The last two constructoranay seemmysterious. How-
ever, the redundang they introducewill save us work
whenwe cometo interpret thesedescriptionsof types.
We could chooseto interpretonly Reg ¢, the closedde-
scriptions, keepingthe opentypes undervater like the
dangerousits of anicebeg. This would requireus to
substitutefor free namesvheneerthey becomesxposed,
for example ,whenexpandinga fixed point. We would in
turnbeforcedto take accounbf theequationaproperties
of substitutionsandprove closurepropertieswith respect
to them.| dispenseavith substitution.

Thealternatve |l have adopteds to interpretopendescrip-
tionsin environmentsvhich explaintheirfreenamesThe

two unusuakonstructorabove performtherdlesof defi-

nition andwealening respectiely growing andshrinking

the ervironmentwithin their scope. Definition replaces
substitutiorandwealeningaddsmorefreenameswithout

modifying‘old’ descriptionsThisavoidsthepropagation
of substitutionghroughthe syntacticstructureandhence
concernsaboutcapture—weshall only ever interpretthe

‘value’ of avariablein its binding-timeernvironment.

3|n factl amatusingnotationby suppressing constructosymbol.



2.3 TypeEnvironments

A type ervironmentfor a given namesequence. asso-
ciateseachz in ¥ with atype descriptionover the prior
names} | z.

¥ € NmSeq
Env X € Set

e€Enve

Y;z€NmSeq T eEnvY ScRegX
I';z=S € Env X;z

We mayequipervironmentswith operatorgor restriction
(extractingtheprefixprior to agivenname)andprojection
(lookingupanamesassociatetlypedescription)I' | z is
theervironmentwhich explainsthefreenamesn I - z.

FcEnvYy ze€¥ TL€Envy <))
'zeEnvY|zx I''zeRegX|x
I;z=S|z — T
T;(y\z)=Slz +— Tz
F,x=S —~ S
Ly\z)=S-z —» Tz

2.4 Interpreting the Descriptions

Now that we have the meansto describeregular types,
we mustsay which dataare containedby the type with
agivendescriptionyelative to anernvironmentexplaining
its free names—waemustgive a semanticgo the syntax.
Figure3 definegheinterpretatio” [T] inductively.*

Notethat! have not suppliedconstructoisymbolsfor the
embeddingrules correspondingo variable-lookup,def-
inition and wealening. Theseapparentconflationsof
types,e.g. I'; =S [z] with T'[S], areharmlessasthe
typestell uswhich embeddinggareoperatve.

4The ‘semanticbraclets’ do not represent meta-leel operation;
they areintendedto be a suggestie object-leel syntaxfor adependent
family of types.

FeEnvY TeRegX
T[T] € Set
telz[l -]
teT'[z]

s €T'[5] te'[T]

infse'[S+T] inrtel[S+1T]
sel[S] teT[T]
() eT[1] (s;t) € T[SXT]
t e ' [Flz=pz. F]
cont € I Juz. F]
t el 2=S[F] te'[T]
te'[F|z=S] teT;2=S[T,]

Figure3: thedatain regular types

2.5 Examplesof Regular Types

Let usbriefly examinesomefamiliar typesin this setting.
We have the unit type 1, so we canuse+ to build the
booleans:

bool — 1+1
true — inl ()
false +— inr )

(e Reg X, ary X))
(e T'[bool], ary T)
(e I'[bool], ary T')

We mayusey to build recursie datatypedik e thenatural
numbersandourtreeexamplesagainfor ary 3. andT’, as
afreshboundvariable(z below) canalwaysbechosen:

nat — puz.l+4+zx
zero — con (inl ())
sucn +— con (inrn)
btree — pz.l+ zxzx
bleaf +~ con (inl ())
bnodelr — con (inr {l;r))

ttree — px.1 4+ rx(rxz)
tleaf +— con (inl ())
tnodelmr +— con (inr {I; (m;r)))



We mayusewealeningto defineanoperationwhichcom-
puteslist types:

list 7 — px.1+ 7T xx
nil — con (inl {))
z:xzs — con(inr (z;zs))

Thefinitely branchingreesmaythusbegivenby

ftree — pz.listz
fnodets + conts

2.6 Subterm Orderingsfor Regular Types

Let usnow defineaninductive relation,u <7 ¢ for u €
I'[z] andt € T'[T7], characterizinghesubterm®f aterm

in T"accountedor by z’sin T'. Thisrelationcharacterizes

T’srble asa containerof z's. | omit the obvious ‘well-
formednesspremises.

uel[x

z
u <7 u

u<ds
u <5+ inl s

u<lt
u<tTinrt

u<3s
u <;** (s5t)

u<I't
u <P (s;t)

Fly=py. F
u<w\y py-F
u <H¥-F cont

u<ft u<is s<pgt  u<lt¢
u <y u<h=y u <oy

Obsenethatsubtermsccountedor by anx in acompos-
ite typearecharacterizethy arule for eachcomponenbf

thattype. In particulay the rulesfor a definition F'|y=S

find subtermsdueto z's in F' andz’s in S respectiely,

thelatteroccurringwithin subtermslueto y’sin F. Note
thatthe latter rule exploits the factthatwe may sees as
inhabitingbothT" [S] andT’; y=S [y].

The effect of local type variabless thusreflectedat their
placeof binding, ratherthanattheir placesof use®

The significanceof the phrase'accountedfor by the z’s
in T" is shawvn by this simpleexample:

If wetake I' = g;z=bool; y=x

wecanderive true <Z*¥ (true;false)

but not false <Z*¥ (true; false)

The pointis thatfalse hastype z on accountof thez in
this particularl” s definitionof y, whereasirrespectve of
T', we canalwaysderive

§ <3 (s31)

However, dischaging thedefinitionof y in ourexample:
Taking I' = g;z=bool

wecanderive true <Z*YY™" (true; false)

and false <Z*¥1V=7 (true; false)

Both z’s areaccountedor by theindicatedtype,andthe
derivationsfollow respectrely by thetwo definitionrules.

A similar phenomenormccursif we try to specializethis
orderingto thez’s containedy alist z, thatis, to deter
minewhen

py.l+z, Xy
T

t < ts

Onlytherulefor fixedpointsapplies shaving thisderived
ruleto becomplete:

<(zl+£y xy)|y=ny.1+z, Xy

t <lste con tts

t tts

The premisecanonly be further simplified by the defini-
tion rules:thedirectrule findsonly theheadof thelist in
z; theindirectrule’s secondoremisefinds only thetail in
y, andthefirstdemandshatwe searclor anx within that
tail. We thusderive (andshav completethetwo ruleswe
might have hopedfor:

51t would be interestingto investigatea notion of subtermwith a
single rule for definitionscapturing‘ z-subtermswithin F-termt, re-
memberinghaty really meansS’: however, we would pay with extra
compleity in the rule for variables,and with the needto carry extra
environmentalinformationexplicitly.



¢ <lista 4 sionoverthe syntaxof 7. It is definedin figure4.
t<Bste (buts) ¢ <EST (5 ts)

z€Y TeRegy

We may exploit this ‘containment’relationto definethe 9, T € Reg %
usualsubternrelationfor recursve types,namely<,,;. r Oz — 1
for T [uz. F], asfollows: O:(y\e) — O
0,0 —» O
w<pors <Pt 0. (S+T) —~ 8,5 + 0,T
4 <,0 F U u <,g p CONt 0;1 = 0
ke —He 9;(SxT) + 8,SxT + Sx8,T
On(uy. F) +— ,uz.azF|y=uy.Fz+

Thatis, tofind asubternof cont € T' [uy. F1, eitherstop
whereyou are,or move down onelevel to anz contained
by F andrepeat. <I' cannotgo further thanone level,

because: is freein F'!

Oy F ly=py. FZ X 2z

0 (Fly=S) +— OyF |y=S + OyF |y=S x 05
0.T, 0

0, T

11

With alittle work, we canspecializéheserulesfor btree

to
Figure4: partial differentiation

t <ptree t Thefirst six linesarefamiliarfrom calculus.For one-hole

contets, they tell usthat
t <btree l t <btree r
t <btree (bnodelr) t <btree (bnodel r)

e anz containsonex in trivial surroundings

e ay otherthanz containsnoz

3 One-Hole Contexts .
e constantgontainnox

Let usnow turnto the genericrepresentationf one-hole e wefindanz in anS + T in eitheranS oraT
contets for recursve regulartypes.We shallfirst needto

seewhat‘one step'is. e wefindanz in anSxT either(left) in the S, passing

theT, or (right) in the T passinghe S

The immediate recursve subtermsin some con ¢ of

typel [uz. F] arethosesubtermsof ¢ which correspond \qtethatpartialdifferentiatioris independenof environ-
to ﬂle occurrencesf z in F—recall that t hastype mens:it is definedon the syntaxof typesalone.Justlike
I z=px. F'[F]. We thereforeneedto describethe one- o subtermordering,it takesno accountof the possibil-
hole contets for z’'s in F's. SinceF' may itself contain ity thatsomey might, for someT’, expandin termsof .
fixedpoints,theprimitiveoperationve needo definew_iII However, partialdifferentiationis the basictool by which
computefor £ thetypeof one-holecontextsfor any of its 5 ifferentiatioris constructedandthisis exactlywhat
f_ree names.This operationis exactly partial differentia- we needwhenwe go undera binderandbecomdiable to
tion. encountetocal nameswhich potentiallydo conceak:’s.

The rule for definitionsagainhandleslocal variablesat
3.1 Partial Differentiation their placeof binding, summingthe typesof contexts for

. L - . 61t is depressindnow few mathematicseachersleignto impartthis
Thepartialderiative of a regulartypedescriptiorll’ with yjita| clueto calculusstudentsgiving themrulesbutnomethod | learned
respecto a freenamez is computedby structuralrecur differentiationfrom the patternmatchingalgorithmgivenin [McB70].



z’soccurringdirectly in £, andindirectlyin an S buried
within ay. In corventionalcalculusthisis effectively the
‘chainrule’ extendedo functionsof two arguments

g%f(aa b) = (%f(uﬂ))% + %f(u7v)%)|(u,v)=(a,b)

in the specialcasewhereaq is x.

Oncewe know how to differentiatedefinitions,we can
malketheleapto fixedpoints.If we expandthefixedpoint
andapplythe‘chainrule’, we obtain:

Oz (py. F) 0z (Fly=py. F)
0. F |y=py. F +

Oy F ly=py. F x 8y (ny. F)

It is temptingto solve this recursve equationwith aleast
fixedpoint, but doesthis give the correcttype of one-hole
contets? Yes: every z insidea puy. F' mustbe a pieceof
‘payloaddata’ attachedo somey-nodeburied at a finite
depth. Henceour journey takesus eitherto an z at the
outermostnode and stops—hencé¢he 9, F' in the ‘base
case’—orto a subnodeand onwards—hencehe 9, F in
the‘stepcase’:it muststopeventually We mustwealen
atz, for z is notfreefor F. Ourjourney is clearlylinear:
the body of thefixed pointis syntacticallylinearin z. In-
deed,the following setisomorphismholds,shaving that
ourjourney is alist of ‘steps’with a‘tip’:

Dpe.T, + S,xz] 2T [(list S)xT]

Therulesfor differentiatinganexplicit wealeningsimply
short-circuitthe processf the namewe seekis thatbeing
excluded.

3.2 Examplesof Derivatives

Beforewe developany moretechnologylet uscheckthat

partialdifferentiationis giving usthekind of answersve

expect.Of coursethetypeswe getbackwill containlots

of ‘0+’ and'1x’, buttheusualalgebraidawswhichsim-

plify suchexpression$old assetisomorphismsilt is also

not hardto shav thata recursve typewith no basecases
is empty:

If T [F|2=0] = O thenT [pz. F] =0

Writing T for the n-fold productof T's andn for the
sumof n 1's, we cancheck(by inductionon n), thatfor
n>0

[ [0,2"] = nxa™ !

Viewedasaone-holecontext for ™, then tellsuswhich
x theholeis at,while thez™~! recordgheremainingz’s.

A moreinvolvedexamplefindsanz within alist of z's

Oylist x 0x(py.1 + xzxy)

pz. (0x(1 + axy))|y=listz_+
(0y(1 + zxy))|y=list T Xz

pz. yly=list z + z|y=list TXZ_

(list ) x (list z)

R IR

IR IR

We would indeedhopethat a one-holecontext for a list
elemenis a pair of lists—theprefix andthe suffix!

Amusingly, thefollowing power seriesresembledist z,
l+z+2?2+23+---= 11—.7: (for |z] < 1)

andcornventionalcalculustells usthat
(k) = (k)
or\1—z)  \1—2x

3.3 PluggingIn

Givenaone-holecontect in 9,7 andanz, we shouldbe
ableto constructa T by pluggingthe z in the hole. That
is, we needanoperationwhich behaesthus:

T[8,T] T[z] T[T]

{T<a;}@ —



ceT'[0,T]

u € I'[z]

c{T'<z} uwel[T]

() {z<z} u

inle {S+T<z} u

infc {S+T<z}u

inl {c;t) {SxT<z} u

inr (s;c) {SxT<z} u
con(inlc) {py. F<z} u

con (inr {(c; cs)) {uy. F<z} u
inle {Fly=S<z} u

inr {cy;cz) {Fly=S<z} u

c Iy\$<m} u

1111111111

u

inl (¢ {S<z} w)

inr (¢ {T<z} u)

(c {S<z} ust)

(s;c {T<z} u)

con (c {F<z} u)

con (c {F<y} (es {py. F<zx} u))
c{F<z}u

¢y {F<y} (e {S<a} w)
c{T<z} u

Figure5: pluggingin

How arewe to definethis operation?I” shouldtell usthe
shapeof thetermwe aretrying to build; ¢ shouldtell us
which pathto take and also supply the subtermscorre-
spondingto the ‘off-path’ component®f pairs. In effect,
theoperatiorproceeddy structurakecursiorone, butits
flow of controlinvolvesa primary caseanalysisonT'. Of
coursewe needonly considercasesvhered, T is not0.
Thedefinitionis in figure5.

3.4 Subtreesin Recursive Regular Types

Theo, operatiorpicksoutz’sfrom containesfor z’'s. As
suggestedbove, this givesusthetool we needto pick out
subteesfrom our tree-like recursivedatatypesinterpret-
ing t asa containerfor the immediatesubtreeof con t.
Henceour intuition that contexts for recursve type T in-
habitlist 7' canbe maderigorous. The ‘step type’ for
treesin pz. F'is

O F |z=px. F

The one-holecontets for pz. F' thusinhabitsub pz. F
givenby’

7 Abuseof notation—sub is really anoperatioron F

pr.F e Reg X
sub uz. F € Reg ¥

subuz. F +— list (0, F |z=px. F)

Informally, aninhabitantof sub uz. F' lookslike

2 nil

A few brief calculationgeassureisthat

[ [sub (list )] 2= T [list z]
hencel [sub (sub uz. F)] = T [sub uz.F]
T [sub btree] = TI'[list (2xbtree)]
I [subttree] = T [[list (3xttree?)]|
I'[sub ftree] = T [[list (list ftree)?]]

Thecorrespondingnotionof ‘addition” hasthe signature

cs €T [subpz. F] w el [uzx. F]
sty pu € [uz. F]




For the ‘¢s’ depictedabose and an appropriate u’, we
expectes 4, putobe

e &

Of course;t,, r is definedby iterating { <z} overthe
list®:

nil4,, pu = u
(c:es)t, pu = con(c{F<z} (cs+, pu))

Obsere,for example that+ ,, reallybehaeslike ‘plus’,
whilst ;4 , IS effectively ‘append’.It is nothardto shov
in generathatsub pz. F'is amonoidunder‘append’and
that+,, p isanactionof thatmonoidon pz. F'.

3.5 Subtermsand Derivatives

Therelationshipbetweenthe containmenbrderingsand
derivativesis anintimateone,andsotoo is thatbetween
the subtreeorderingsandthe typescomputedoy sub. In
effect, the containmentorderingis exactly that induced
by pluggingin, while the subtreeorderingon pz. F' is in-
ducedby +,, p. Whatwe have doneis to give aconcrete
representatiofior the withessedo theserelationalprop-
erties.We may prove thefollowing theorems:

Theorem (containment)
For ue I'[z] and ¢t € T [T7]:

u<l't & 3cel[0,T].c {T<z}u=t
Theorem (subtree)

For u,t € T [uz. F]:

U <pp.F & Jes €T [subpx. F|. cs+,, pu=1

The proofs of thesetheoremsare easyinductions, on
derivationsfor the = direction, and on the structureof

8Again, Huetwould write

(c:ies)t,, pu — cst

m e, (CON (¢ {F <z} u))

¢ or ¢s for the < direction. It is morewer the casethat
distinctc’s or cs’sontheright give riseto distinctderiva-
tions on the left, andvice versa. | omit the detailsfor
reason®f space.

4 Towardsan Implementation

Recentextensiongo the HASKELL type system,suchas
Janssorand Jeurings PoLY P have begunto realisethe
potential of generic programmingfor the development
of highly reusablecode,instantiablefor a wide classof
datatypesandcharacterisetby equallygenerictheorems
[JJ97,BJIM9I8].However, thesesystemshav no sign of
allowing operationdike 9, which computetypesgener
ically by recursionover a closedsyntaxof type expres-
sions, crucially regardingtype variablesas concrete ob-
jects.

In a dependentype theorysupportinginductive families
of datatype$Dyb91], syntaxessuchasReg ¥ canberep-
resentecsordinarydatawhich canthenbe usedto index
the familieslike I' [T which reflectthem. 9, becomes
merely an operationon data, requiring no extensionto
the computationapower of the theory A programming
languagebasedon sucha type theory as ervisagedin
[McB99], would seemto be a promisingsettingin which
to implementthetechnologydescribedn this paper This
work is well underwayin the ComputerAssistedReason-
ing Groupat Durham.

The payofs from suchanimplementatiorseemlikely to

be substantialextendingfar beyond applicationgo edit-

ing trees.A library of generictoolsfor workingwith con-
texts would allow usto definefunctionsin termsof these
higherlevel structuresmanipulatingdatain largechunks,
ratherthanone constructorat a time. Furthermorejn a
dependenthytyped setting, a richer structureon datais

ipsofactoaricherstructureontheindicesof datatypes.

It also seemshighly desirableto extend the class of
datatypegor which one-holecontextscanbemanipulated
genericallybeyond the regular types,perhapgo include
indexed familiesthemseles. A concreterepresentation
of one-holecontexts for a syntaxwith bindinghasmuch
to offer bothmetaprogrammingndmetatheory



5 Conclusionsand Future Work

This paperhasshavn that the one-holecontets for ele-
mentscontainedn apolymorphicregulartypecanberep-
resentechsthe inhabitantsof the regular type computed
from theoriginal by partial differentiation This technol-
ogy hasbeenusedto characterizedatastructuresequi-

alentto Huet'’s ‘zippers'—one-holecontets for the sub-
treesof treesinhabiting arbitrary recursve typesin that
class. The operationswhich plug appropriatedatainto

theholesof suchcontets have alsobeenexhibited.

While this connectiorseemsunlikely to beamerecoinci-
dence,it is perhapssurprisingto find a usefor the laws
of the infinitesimal calculusin sucha discretesetting.
Thereis no obvious notion of ‘tangent’ or of ‘limit’ for
datatypesvhich might connectwith our intuitions from
schoolmathematics.Neithercan| offer at presentary
sensein which ‘integration’ might meanmore thanjust
‘dif ferentiationbackwards’.

Oneobsenationdoes,however, seemrelevant: the syn-
tactic operationof differentiatingan expressionwith re-
spectto z generatesn approximationto the changein
value of that expressionby summingthe contritutions
generatedy varyingead of the z’s in the expressionn
turn. Thederivative is thusthe sumof termscorrespond-
ing to eachone-holecontext for an z in the expression.
Perhapghe key to the connectioncan be found by fo-
cusingnot on whatis beinginfinitesimally varied,but on
what,for the sale of alinear approximatiorto the curve,
is beingkeptthesame.

Apart from the implementationof this technology and
the developmentof a library of related generic utili-
ties, this work opensup a hostof fascinatingtheoretical
possibilities—onenly hasto openone’s old schooltext-
booksalmostat randomandask‘what doesthis meanfor
datatypes?’.

There must surely also be a relationshipbetweenthis
work and Joyal's generalcharacterizatiorof ‘speciesof
structure’in termsof their Taylor series[Jg87]. For reg-
ulartypes, 02T makesaholefor asecondr in aone-hole
context from 0, T. More generally 97T givesall the n-
hole contets for 2’sin T”s in eachof then! orderswith
whichthey canbefound. This strongresonancevith Tay-

lor seriesseemsworthy of pursuitandis anactive topic of
research.

In summarytheestablishmendf the connectiorbetween
conttsandcalculusis but thefirst steponalong road—
who knows whereit will end?
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